



Branes, Times and Dualities
=0
h world-volumes of signature (3,0) and (1,2), and a solitonic solution with world-volume signature (5,1).
. Introduction
The strong coupling limit of the type IIA superstring theory is a theory in 10+1
dimensions that we will refer to as M-theory. The various superstring theories can be
obtained from this by compactifying and going to the boundaries of the moduli space,
giving a geometrical interpretation of many of the string theory dualities [1]. For example,
the IIA string theory arises from compactifying M-theory on a circle and taking the zero
radius limit [2], the IIB string theory arises from compactifying M-theory on a 2-torus and
taking the zero size limit [3] and the heterotic string arises from compactifying M-theory
on and taking the zero radius limit [4]. In [5,6], this was generalised to the case of M-
theory compactied on tori with Lorentzian signature. Surprisingly, going to boundaries
of the moduli space in which Lorentzian cycles shrink to zero size leads to new theories, in
many of which the space-time signature has more than one time. These include versions of
M-theory in signatures 9+2 and 6+5 and type II string theories in various 10-dimensional
spacetime signatures. All are linked by an intricate web of dualities and all emerge as
dierent limits of the same underlying theory. The set of theories can be thought of as
dierent real forms of a single complexied theory, and each has a supergravity theory
with 32 supersymmetries arising as a eld theory limit. In this way, maximal supergravity
theories in 10 or 11 dimensions with various signatures are obtained, and each can be
studied in its own right. Each of the forms of M-theory or type II string theories have
brane solutions of various world-volume signatures, and our purpose here is to nd and
investigate these solutions. We will restrict ourselves here to those solutions that preserve
16 of the 32 supersymmetries, which are the analogues of the BPS states that play a key
role in the Lorentzian signature theories. We will verify that the dualities linking the
various theories also relate the brane solutions, giving a useful consistency check on the
duality structure unravelled in [5,6], and giving insights into the structure of these theories.
In [5,6], timelike compactications of M-theory and type II string theories on
Lorentzian tori (with spatial circles and one timelike circle) were considered, extend-
ing the work in [7,8] on timelike compactications of supergravities. If, as was assumed,
such classical solutions with periodic time are consistent backgrounds for M-theory or
string theory, then the limits in which various cycles degenerate can be considered. The
type IIA theory on a timelike circle gives, in the limit in which the circle shrinks to zero
size, a T-dual type IIB* string theory, while the timelike T-dual of the IIB theory is a
IIA* theory. The IIA* and IIB* theories are formulated in 9+1 spacetime dimensions, and
have supergravity limits similar to those of the IIA,B supergravities, but with the signs of
some of the kinetic terms reversed; in particular, the RR elds have kinetic terms of the
wrong sign. The IIB* theory can be obtained from M-theory compactied on in the limit
in which the Lorentzian 2-torus shrinks to zero size [5,6]. If M-theory is compactied on
a 3-torus , then the limit in which the 3-torus shrinks to zero size gives an M* theory in
9+2 dimensions. This same theory arises as the strong coupling limit of the IIA* string
theory, in which an extra time dimension opens up [6], in a way that is analogous to the
way an extra space dimension opens up in the strong coupling limit of type IIA theory
[2]. Similarly, starting from the M* theory in 9+2 dimensions and compactifying on a
Euclidean 3-torus gives, in the limit in which the 3-torus shrinks to zero size, an M theory
in 6+5 dimensions [6]. Similar steps lead to M-type theories in signatures 5+6, 2+9 and
1+10 also, but these are equivalent to the theories with the reversed signature.
Starting from the M-theories in signatures 10+1, 9+2 and 6+5, and compactifying on
either a spacelike or a timelike circle and taking the limit in which the circle shrinks to zero
size gives a set of type IIA-like string theories in signatures 10+0, 9+1, 8+2, 6+4 and 5+5
(together with the reversed forms). There are two forms of the 9+1 dimensional theory,
the IIA and IIA* theories, and although there is a similar pair of forms of the theory in
5+5 dimensions, they are related by a eld redenition (including the signature-reversing
) and so are equivalent. Compactifying the M-theories on 2-tori of various signatures and
taking the limit in which both radii tend to zero size gives IIB-like theories in signatures
9+1, 7+3 and 5+5. In signatures 9+1 and 5+5, there is a IIB theory and a IIB* theory,
together with a IIB theory which is the strong coupling limit of the IIB* theory in either
case. Thus there is a set of string theories in 10 dimensions with various signatures that
are related by timelike T-dualities and S-dualities, and this list gives all such theories that
can be obtained in this way.
These theories have branes of various world-volume signatures, and they can be for-
mally obtained from the usual branes of M-theory or type II theory by dualities. For
example, the timelike T-duality takes the D-branes of the type II theories, with Lorentzian
world-volume signature, to the E-branes of the type II* theories, which have Euclidean
world-volume signatures. We will refer to a brane with world-volume signature ( positive
signature space dimensions and negative signature timelike ones) occuring in a theory
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The M theory in 6+5 dimensions gives the branes of the usual IIA theory in signature
(5,5) on spatial reduction and of the IIA theory in signature (6,4) on timelike reduction.
A spacelike or timelike T-duality takes a IIA theory to a IIB theory and vice versa,
the precise relations being given in [6]. A IIA theory in signature is related via a spatial
T-duality (say) to a IIB theory either in signature = or in signature . In the former case,
the spacelike dimensional reduction of the IIA theory to dimensions is the same as the
spacelike reduction of the IIB theory, while in the latter case it is the same as the timelike
reduction of the IIB theory. This means that a brane of the IIA theory can be reduced
to a brane of the 9-dimensional supergravity on spatial reduction, and this can then be
oxidised to a brane of the T-dual IIB theory. Similar results apply for timelike reductions
of the IIA theory.
For example, the IIA theory in (9,1) dimensions is related by a timelike T-duality to
the IIB* theory in (9,1) dimensions. Thus the timelike reductions of the D-branes of the
IIA theory give solutions of a 9-dimensional theory which should give E-brane solutions of
the IIB* theory on timelike oxidation. We now check this.
Following the methods outlined in Appendix A, suppose we start with the D2-brane
solution of IIA in the canonical frame action
where all other elds are set to zero. In this frame, the solution is given by
where is a harmonic function solving the Laplace equation in seven (transverse) dimensions
().
If we reduce this solution along the direction following the rst method outlined in
Appendix A, we obtain a Euclideanised string solution
to the equations of motion derived from the action
Note the change in sign of the last term of the action.
Now if we oxidise vertically along a timelike direction following the second method
outlined in Appendix A, we obtain the solution
to the IIB* action
This solution can then immediately be extended to the E2-brane solution of IIB* above
by allowing the harmonic function to include -dependence, thus replacing by
Transforming to the sigma-model frame, we recover the solution (3.8) for .
Following this method, it is not dicult to see that the timelike reduction followed by
oxidation procedure transforms the D-brane into an E-brane, with even for IIA and odd
for IIB.
As an example in which the T-duality changes the signature, the IIA on a spacelike
circle of radius is T-dual to the IIB theory on a timelike circle of radius . The spacelike
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